i A
pETE FOURTER  SERTEs & FOURTER TRANSFOBMS _ ;

/ /H:%O;g@e i E'i_,‘i’— ey 'Tici_nz.g__@rm
e
e Discrete Roovier Honshorm (op7) is a powesttl Computation ool
%wb’ch allows o pyalvate the Fouriey "h!an&%rm x(e.jw ) on cll_,d/grl’al
‘wm}yu"em oY speciolly designed hardware. .
| finite and 'mﬁnﬁe Sequences, DFT-

3'5 C]eﬁﬂe
mﬁmou 5

%e Fouriey

Since X(e?) is

one period oF.,

ynhke  DTFT, which is defined - for
d only ~fov  Gequences of finite !eng-m.
and periodic, DFT i$ ebtained by Sampling

+aonsform ot o -fnite 7D of -fyeiuencyw FOifﬂ"«S‘- :

piscrete fouriey Series

—

s

The Diccrete Foovier Series (DFS) is vepvesewbd by %o

N- e
Xolk) = 5 ipin)e U
n-o0
) & vepreserted by

e Gueise -Disciete  Fourier <eries ( JDFS

N -1 5
! J9MEN|
i = — ¢ XAplb)e 5
N
n=0
theve XP(b))#:; i “are CQNéd Distcvete FoovleY Sevies COe-fﬁcien‘ks

pfofemﬁes oﬁ D)scvrﬁ’e Fabw'ezf Sevies
e — _— ———— —

I L‘ineamh}]« . » |
Consi dey —Twoo Peviodic Seguence.,s I'P(” ] lgzP[n) bsth with peviod N,

Such that
Dfs [ I;Pln)j = X;P(t) :

OFs [ %ptm] = Xap(k)




|
- Fhen
DFS[a;x,F(n)-Faax@P(m] o aXple) 0y Xapllo)
2. Time shifing pope'f ) e
W apln) % 0 poriodic seguene o petod N ard

DFs [aptn)] = xpl¥)
.
Then Dps[llp(n n’))J J( /M)nﬂb y; [Ié)

theve 1pln-m) is 4 5h:#eA Verslon Df 2pln)

s spmetny Popesty
I DFs[nfm)_’) - )(P(k) ‘Then
DEs [lpy[n)]: = XP&[-'K) 4

DF< ['lf)“ [—n):] - )(ff‘cy.)

and it
& apln) + 17 (N)
DF S {ze[xpcm]ﬁ DFSf E'E’—F* } < < [ Xp (L) +Xp (1]

= XPB C.K-)"

OFs {30m [ 2pm]} « DES i Bl )]
2

o Y
3 LXPCV‘) - Xp C—k)J . XPOCK-)
Ke can wite xpln) as

give 2 |
pe(n) =L 1ptn) +2p:em]

1

Xpp(n) = -
P 2 [ rpln) - ’-p“@n)]



b /i
1 pré [

l

el = O g 5 [ 2pn) + peem] §

n

-—-[ )fp(k-) +xP a)] - e[ xpn]

W[lpom)‘? 2 T ["PO)) * -]
?[XPZK) - Xp?< 00]\ ' Tm { Xp(x)_?f
Q.P/ev/ﬁ{f ConUOhfhon

et 11;9(0) and me) be two peviodic ‘ge?uefw% with Fer)od M eo%
DES[ uptni] = Xplt) 4 J
DES [ 1gptn] xQP(L) e

ﬂ Xsp(”)) = Xip(k) Xaplk) “then e peniodic Seqoences T3p(n) wfh

qover Sefies co-efficients  Xaplk) i

15p(0) > 2 14p(m) 2gp (1)

En Svmmai7

DES [ z laF(m)lgP(n m] - Xip(8) Xeplt)

o 20

let vs define o —Term

S9N
NN = e

| hich s known as “hoiddle —facto 71




Rnd he DFT of a Sequence ) > 11,004 and -hnd “the TDFT of
Yw) = {1,0, ’403 .

Let vs assvme N=L:= Y

N Lemakl .
Ne hove X(B) = 2 ame / dopg
N0 e e

el X(0) - S 1(n)g..o s ) 4 Q) + 203) + ala)

N=0
| e 1tI+0 40 2 &
13 KZ, . o
| B Lo B Ty B Tl
Xl s linye 2 PN L(ne
n;o Y):O
. » _331fy
5] -JT !
= Ul e 1(2)e +1B)e
S T Sany ot Qa-t 0
b+ :(cos@ jsin%)
e - 1)
|
E:g
(= . -331n
NS LULE PIS PTY: /@
ol = S din)e &
i -
L BN /Y
:,37/ —5 3T
BN OR e o yoe ot UBE
’ Y as , ' Cos 3%, cos(F4): 0
> P
= |+ CO‘S%«J“‘S")%' 31/)%_.51'1("'7'1‘;77,..]
e ) - T .
|
;i
| k-2
qun J \ s
;j Xi3) = = (n)e ‘#ﬂ = ainle Cm[§+g):-’”‘g:o
| n:0 n:=o0
33T sin (L4Z) -

"

Sl i .
itfg) kade 1g)e o 13)e
L4+ cosT -jSnT = 140- 10 = 0

ok}




' : e X(K) 5{3",3’ 0, ,+55 1

e DFT oF YOO = [0y, p40 oo
N-1 :
4
i = L e N
) 'ﬂ:O,l"{)_ . N-I
N2 | 2 .
e . :
ylo) i (¥) -j[wmwu)wza)w//s)]
w o cl : |
140+ el s
q[ t1+0] Y a0
n:l
o 3 Ik, S R T sy ¢ (e
(D -j" 2 (e 4 5 g e £
=0 L’ £-0
l 48 ANITEY Nl (EL
: l{[‘f[o) e +‘1[@)eJ + ‘I[s)eJ /Q.)
3 Lﬂ L+ 0 + (cosT+ismTy +0]° = ‘lq["*of‘ +0 1 - 4S8
7}/2 s L2
| Jo?ﬁ.ﬁk/q ; _,',32_ “I(K)edl ‘

| =
s — £ V(we
" 4 y-0

|

: L, 45

e RELN
’—L[Wo) + v(o)eJ”Jr Y(s)eJ "fye J
L' Cos(TT1)

-
-eos(243)

: A sl
;“'q [ \+ 0 + COSJWJQI)JTT] : q[v+-0+_t+0] ,_5-92“ e
e TUELY PESES Sz;w(n)ejml’*"
1 {3) z T 5. \“k)e G, T
B0 , ;
| ; | 973
| ‘3"] J(STr x|
R 1‘1(0) + Mine’ s | e 4+ 12)e J
Y :

L rrp s 1 { cos 3T+ 36H) 0] RUTIE O

4 |
-t “ yln): {050, 0503




— ﬂ:if)c‘ .‘rne D;':T 0)£ a ‘Sequenca L) - 1 7&01 Oé-")_éz_, :
=0 (Olerwise
s () M=y (1) N =8 Plot | x| and LEE): Commend. On the vesomd-

on of 1in) can be

3

G’rv'en ais sy :Q', The Pevibdfc ertensi

obtaine d b7 add:ng one zen0 (1€ L zevpsle e i : {1,,1,0%.

We have
N ;‘J&Tllm/
X(k) z ﬁ_ ©in)e N ;i L eO e N-1
n=0 )
K’:O
= . .
X {0) : n%) X(n)e™ = W)+ () LR+ e = R E =

Thesefoste | xo) | » 3, LX) =0

k-]
a § = Wt 3 3 ~ynm
| =, -n % - 2-
h-0 n=0
7 1L NE
: [1(o)+ 10)e 2 yue + 18JE J
{ 2 ["l’ COSE«J‘S)")E + C,OSTT4J$)HTT}
| 9 ~d
400 -1 ¢ -4
: ) 'T]/ |
| X(l)i SR | g L)((l) 3 o) :
| cos (714T) Rl
A o0 (1) S
3 -3gMn-2 32 ol
X(a) - 2 aune /q = e
n:=0 n:=0
o )3T

~J ~J2
10) + xlpe  + LE@)e + 1(3)e

= et coT NS0T + CosZT “isipel . = -l “3o)+ b Bl




32-’» un)egjgm H 3 - jstin| g,
- c 2 une
e p=0 G s Cos(T+) 5 0
.—:)37‘-/&’ S e \ iy ] g i : ’)
2 0) +10n)e ¥ 1(&)8J3”+ 1[8)6JQ7T/QJ (o.c[éz:ﬂ:)) (ﬂjf:)
LN (2Tt T ) = Sin

|

|

| o

§ e |+ 6053_,&'@".,55;,,% + COs3T -jsin 3T
i

; 8 . 3 ~ \ A » \
R SV ENT DRSS R
=1 2 I3 - ;g

il = 8,003 ; Lw s fo R0 Y

i
1
{; 2
| T N
( 3K ¢ ‘ 4 !;!L" Aiﬂ ‘;\\ i
E : [ \ | R }(}
i . ; AR 0 N L 2 8
é \ ’? D N : :'.\ \\‘
lr : . - i A t

C«‘%J Fveguenaf fesloon.s e of wn) bt M;qT
foy N= 8 The Pen'od

sbtained by adding F(AN-L = ) 34 Gt o
foy 3encF

i 4 ke
e eﬁensxon OF 1(n) Shown In below 'Flﬁun’ can

il -12) =1 x(M = 0




1 S

We know hat Xk -

{K=0

——

T
Zune’ -
n-0

X(o) :

-
-

Ixtol = 3

(o
AR
—

i

— Ja1n
Nk o 2.1(0)@
n:o

> %(0) +1Lne

(]
-r’l(é)eJ s

b4 COSE—J'S
Y

% ) !

P+ L
e Ty

iy B0)
+ - 9N

Zx(n)CJ

X(Q) -
n:0

I s I,
2

-
-

J

= '—_‘]"’O .

‘X(&H; |

~

15

3

o7
=l e

nN:=0

X(3) =

: 1{0) + 1(ve

3 £

§

|

; y

n:0

My

‘J—"' +O"'

;1w)+unkﬂ”

= J@W” 3
=37 |

I+ cos 3T _jsindl
4

N ~JMk [N -
2 1in)e

‘

100) +101) #202) + 1@)+ 2(4) +108) + 1(6) 41 13)

-
-

141+ b+ 0+0 0+ 040 =3

\ L)([O)'J 0

2

3

-
-

I ,J"fr/q
s 1ime

Nn-0
W

EYH)
+1(y)e : /LI

+u&)g + 15)e

JHT

+ 1(#)e l‘{

in coS'”’ «JS‘"T
7 2

§ : ) ' * g

F o Ty
Z. 1h)e

n:0

A\

n-2/g

-
-

51T
Y f1e
5mT o el U
o

1 ke

o
-

My

+ ~J 3TN
S lme
n:0
SYELEY
+ L(Q)e

8 M

-
-

= 14 (-0.304) 040k 107

12

73 %F,J’S)n é_'—_r

+ Co
N

-



0 F0F -J0-F0F + Ix(3) = 0.4y

0.993 +40-293 Jx13) ,%;:,
IK;Q ﬁ, 1(’))8 l - 2‘_1(0)6‘)
’{ X(lf) . 1t-0 - n:0
| i —QT
| g e t1(2)e :
| | + cosT-JSTl 4 Cos T ~jsin &l ;x(w
B o 41-0 o Kl +0
. e §_1m)e 'y
R, ‘.’no
"577/ —J5T
N 1(0) + 1(1)e q+1£2)e /Q’
57’4 yy 21
B oo W,Js)n% + Cos jon L )
; } = 1]
-0 0F 4 JOF0F 0 - 1x05)1 = =Ty
0,993 -0 Q93
j}(;é 5 22 ¥ Yoh CRIL =
;4 + f:jﬁllf)'é/z/q;/ il ,Janﬂ/&’
. e . T, - Z1in)e
: 0 | L i
| - )31 g, ’:js’:lTr
| Z(Oym(n)e + Lid)e : A
| Qg Xl = 1
. . T 20 coo3lT ISR R
| Ehicos — = J sl B i Bl

P it e+ -1 ea(0) 74

i: —)9Tn 4 q g ¥ /JTIFV)/
Ao B e
" 0 n:0 :




’anl‘f ' ‘

o
Y - 2 1ne
n=0 3
- - M2,

= X(b) + e ;

14 05T Ssm A 4 cos TL 39T
& 2
4 4 ,

140 FOF R0 FOF 40 | i

{ g

: Hohjp;{ﬁ
L4l Z,XH') z ‘ﬁ/zl

7

I -

X001 = {3, Qbig, 1, O-big,- 1, o.goq, b 2410}

Lxtl - fo, b cdlcy W 0 "ﬁ/q,ﬂla; Mep 4.

pEva|

;
; O i 9, 5

_%</

9\

; Fiaa: H@QuenCT Y&SPOH&Q Df L(n) —for N = 8
Fr ’Flg | We can obsrve That wih N:ty, s difficolt o exhiapolats
o between

|
ﬂhe entive ’rcveiuena/ SP@C‘I’Yum, For low valves of N, the SFaCIng
}[SUCCB.Q.SNe ‘CamP}“ I hlgh which Yesvlfts in pooy Yesoluton.

On <the other hand, when N:8 —From *ﬁa&, we can Observe <hat” it

i

f‘)s Posg‘;b)e [0 erh(apolafe “the vﬁe?uenq of $PechYurn
“hat is zero Padd)ng 3@:@5 a m@h dens’rh/ 5pechum ad Pm\l‘d@s

a betey disp)ayed vexsion —for plomna. ’



SO}:,?ET ; : “ ; :

g a Sequence  x(n) is pen‘odlc witth per)od.’cwy of N’@mpleS,

| Wmd"ﬁ’kf: _ |
gr' -l i Pom-r peT Oof the ..Qe?uence’) X(k) Is also perlodic with
e , |
gl waic;ﬂ of N Sample.s. '
ef R ol
I}P ence if L) and X(k) ave an N-pom+ DFT paiy, “Then
e Y]
X(MEN) = 1) ~Hor all 7
X(L+N) = Xk for all b L
/ ool By defimition of DFT, he (K+n)™ Co-effcient OF X(E) 1o guen ty
07 : _
e N-) =J3Mn (K40) | A

e = Y n)e
/ et ) n:0

| N-) —Jannkly) -yamnly -

; p = Wn)e . e A

| nz0

| ' L :

1

| N-1 “JRMNL[yy  _yamin

; == linle e

5 n=0

j ' =390n A
! N- —Jaﬂnk};\) [‘ eJ :IJ
| B = An)e :

; h=0 g

| :

| , :

% = X(L) -

|
| i : ! e % : ces ar)C[ f‘ﬁ'
e LR
j 4

DETfum} = AR

ood  DPT{10im} = Rl®) (@i 4
ped constanks @ e

ol v
Then oy an veal valved Of Complet

pET § an(n) +bagmy = anltk) + bXa(t)



N-1 - RNk 7
DFT § ayn) + bxgim ] # 2 [ autn)+brmn)] e 4 '

: ROO'F b
g n:o
, N-) oMk o N-l -
. a £ une +b £ 2906 T,

n=0

: ax,(z) +bXate)

D?T o+ Even and odd Séfuer)fe.s ‘\
yeal and the DFT ¥ g

~he DLCT of an even Seguence: is porely

odd Seguence i purely :magmmy’ .
d usmg cosine. and Sine hanshoy,,

“Thevedoye, DFT Can be evalvate
d ‘Qe?uenc&s fesFecﬂVel7

—For even and od

L N 1 gk
Fov euen Seguence, X(k) = i“”)ws )

sf

;
i

for odd <§eciuence, X(K) = 2 1Un) $IN. [—(““)
n=0 "

I, Time Beversal of e Seguence

“The -time Yewersal of an N- Pom—l' Sequence wn) is ebtained
BN e Civeles - =ihe clock wise

b{ comppmg The 5e€oence n)
divection. 3 is dencted as [1(-n) Mod N]

x[e-n), mod NI+ = L(N-m) , 040 EN

and

I DET{a(n)] = Alk) Then

DET } A-n) , mod M?; . DET fa(N-n)}

= X[l-k) ‘mod N} = X(N-K)



-3 9Tk
f {MN'wﬁ 2‘ 1(N-m)e Sk

sndeL Aom NTom ~where m:=N-n,
‘fben

Dp’f{i(,}\!?rg)j" 3 2— Alm)e - J20T (N- m)tm
m: 0

n- N-m

)
- 2

m:=0

+ITmk[y

il t/N . Yriv) €

Um)e

N-1 —jamk | Jomm[y
= s AUm)eidERer ~
m:0

N- 19Tm k
s e In e

M :=0

N-I|
= £ Um)e

m -0
N

Janmm K| e*JJTT m

] _,:)(Q'ﬂm ( 353 y’/N)
e e

m-0
| - “yenm (N9
% = = e
-0

orT §atn-my = X(N-8)

5. Guolar Feguency <

- perfam} = X()

\

e per § ame TNy o x(x), (mod N)]

L s




Semn|n ~IETED]N

~ N-|
| -
| Roof : DFTLf xm)e"ﬂr /"'} = n% Aln)e

M-I _omn (k-2)]
e g xn)e »
n:=0

Bk e
) e e
n:o0

N-L o yemn (N +k-2) [N

2 TR
h-0

s X (N+L-L)

" X[(e-1), (mod N)]

—| Pavseval's TTheovem

L Parseval's Ttheovem Says “that the DET 1§ an energ7~60ncewm<cj
Tonsformation and aliows w -t $ind e 93na/ eergy eithe y

}

[

f~ﬁom The Ssanal oy i< spedwm, :

| 8 {1 ' ‘

| THs implies That e <om of Squares of the s;gnal Samples 1
!Ye)a’red o the <om of Souares of The vmagn‘ﬂvde of the DFT -Sample,.

|
|

5 DERf il = niv)

ond DFT {9t} = Xalk)

N- N-|

e = )t - !
o R SR Py

-



?ro e_:sl_i‘les gﬁ ’fbg Dj:r & : : ‘

_“Time-Domain | Mﬂ—wm
UL 3, NN e 2w | KK 2 X (RN
AR + aylgen) 0, (k) =+ g ¥a (k)
L(N-D) . X (N-K)
it . lameeid
X((n-0)),, X(k) €
Y i veqoency Shitt Lin)e TN s XecE)e
g Ut
! <
36’ Cifwmy convolution )UM_) @ )ggln). ) X, (k) f(a(k-)
4 peolar coveel ation N (W) ) X(k) 9 *Ck)
L eation oF
il MUHIP‘;CJ“ N ) ngtn) ._"Q«[ ) @ X.Q(_l)l_
%i,,,woge?()emeS :
o cogile | w0 ey
| ' SR N-|
| ppyceval's Theorem 12 amgte) | 2 Xwe) v¥(K)
I n:zo N t:'o :
_/’,,....—-——"‘_“—‘"_‘_"““ e L S
compler conjogate propeaty s e hoh

U OFTI UMY = X(K)

fhen  DET [ x*(ni] = X*(N-k). = X ((0)y..

i

Pii,o{': N- k. Mk
n: 0

S An)e
Ji=0

, . X
[”' jannkm‘(

L4
M- - jamn (N’k)lu]
[ 2 xn)e

n:-0

1)

BFT foxim] - ™ (n-b)
il )




Considest the lena'm-@ S%uence defined b 04n <26 ‘

Un) = {, 9,3,0,-, ,g[ eith a 8- PO“’T"’ DET X(L) . qulu‘

e
—Fonowmg o elone (ol Kipy winot cOrnpu-hng OFT- y
d .
@ xby, b K@), ) 2 500 (i) K%OWK)!
k-0
M- - 3&mnk [
We know “that X&) = £ ulne e Nl
N-| s ”
LX) S wlne : £ an) '8 |1
n:0 nI;O
2 Y0) +xa)+ xl8) +U3) +1lu) + 1(5)
e s
(B xiz) el
Cos
NA - PTIn. N-1
K(2) : £ winle )3} ’Q LS s —’er
h’o : n-o0
A | G -
—JiT S S, )
R T e tilgles el

e !+(«Q)Ef-jo:}+3[l'j(0)]+ 0 ~l[l] P[]

iy t3 -y -} Y
M-l 7 JaTk{y ,,
) We inow thal 1m>i—§_ X(k)e / AR BE o
Nn:wo
R e
o T e he
N K.o
O(‘t'ﬂzo 5 " g
oY = L s X(kh =2 S X(K) = A O)

1
ARLED L-0

& 6(1) = &

() Fom Paweval's Hheovem

5
5
e A b o
héo)fx(h)} 2 Nh.?/o{'l(m? - 6[ “0-9%% 2% (0% (1) 4 (')]

> 6[t+Us94 0 40]) - 66 = 96



A Dpf{x,(m] s XTl) = {LI, S ,06, Ja% U&mg Pygpg,—,fﬁe.s of DFT, find

(d) OFT of x?(n)
(e) DFET of zm)ep 2(n)
| (f) $lgna[ gr)eg7

—the —Hme~ sh:{—hnﬁ P’OPC-""LY oﬁ DFT , We have N =g

I’ gmg
|
7l ppry an-2)

5

l

’ Agmt ¢
/ e oxb

“J@TTQL’_/ y S5

— il -JM
$xioy , e, xie™ xwe Ty

|
f 4z, 00), Jaln]

/ - | iy e o1

=

i

|

!( ) DFF ob L) .
of DFT, Me haveé

me veversal [ﬂlppmg) property

U.émg
OFTé'X(’f))Jf - )((_.[{,) = X“CK‘)
g, <y, 6, 97 . § 4 do, 0,739
1 Uéing The Coqjugaﬁon pvoper+7 of Dﬁ‘f, We have

perf Kt} = X°EK)
1) . y
{4 3,0, 53} Ty, ia, 0,528 .
yeal Valved.

> WeCan <ay "fha’}' Ln) ¥ :

gnce DFET § (n)} - DeT{ 2},
F -0 .§S€nal$, W

“of convolution of PW)JUC+ g

e have

(d) Usin 8 ; pfoy Pem¥1

[ X (L) @ m)j

DH{ An) ANy =
—.,L[(q,fjo,o, o) ® (4,9 0, 12)]

SR ot



. i ig g 49 .
convolution between  (4,743,0, ) @ (4,-0 Om

; 87 lpem-Fov:b.ir') Circolay |
, ‘ , :
16 +0 4 2y
e 0. 0 e i 2
. |-8.-8 +0t0 T =16y
- 4 ) s ) b
) 0-4 +0-4 J
0 -9 4 , e o
8 +0 +0 +8i A1
Jo o FlY . (

b [ = y ""8 46)
(Ll, -J3, 0, j3) & (L",JJ’O’JQ) = (34, Wdp T )

Oerf 1 uny - T\:L[ X(t) 6 x]

L[y, 65,5, 0] = [6,740, 7 4]
| |

| © oFr sl ) & 10) ,
of DfT, We have

[}5;‘;)3 'Tf)eA C)YC-UIOY Comol’u*h‘Oﬂ PVOPBST}y

DFT[ L @ 1(!))] = [K(K) X(‘C)J

| : i( 4,-33, 0,J2) (q\, ’J'a}', o JQ)}
; {'6;'4'0’—*[(} g

(# ngné’ eiev_gqg7;
Musmg Paiseval's theorem , We have

Signal enevw 2 {7 S x*

g 2] 1a,00,00 ) . —(‘;Z[[lé,—u, o, -4]]

o) :
? *g{'éﬂﬁo—rq_] ;%ﬂ_;g



V-

y‘

l

JpFT { X1 = xn) 5

2 IDFT § Xkl
I

) jDFT{ x(k) & X[l’.)j
(b

pFT{ X(E-nY

(b) EDFT,{ )(lib) @ X'[l‘.)_?]‘\.

(¢) IOFT { X(k) X ()}
Uémg fhe Convolsh

I 0 1
[@'01
[,@,, :
i 2

) éianal enevgj :

= din)e

¢ {100, aipe’™®

S

TOFT | X(k) XKD} :

e

R — T

ihQ) ,;0!/ Uﬁ")g PyDPegrﬁ“ UF DFT" -fir)A

(¢) IDFT § X(kYX(k)]
(d) .§1gnal ener37

0)”‘5“03 cireular ‘Ffeguer)lcy ,5})3{_]_. P’0P€M~/

JJﬁn]q N[y,

= Une
~ \3”
1(&)em, 7u<3)eJ /‘Q}

@(01»3:)) (o) 5ioy) O ;_{I,QJI_A,O}).

sing ‘peﬁ.odip Convolution propeatty | We have

JOFT § X6 ® X(0)] -

N x*(n) -
s q[c'ﬁ‘Ql'po) X(JIQ,','O)J
= Lfi';Ll,l, 0] - [Ll)'él L”OJ

on n ime domain popesﬂ'?« Ne haue

{18,108 © {1,3,1,0

| C1§0+I¢0 T [9],
I el I LE I £ PO
| I+ Y41 +0 - 6 !
0 O+ +9+0 | 4
\E T 2 L ; & . o
o - fuo»%lml%luml ED)
0 &

-
-

R I B
6




)

DISCRETE FOUATER ma@rs g e

The Fouriey Sevies vepfe.senJrahon OF . periodi ¢ diccrete- Hme <equence

[

lc caled Discrete Foovier Sevies ( DFS)
considey @ discrete- ime £)<0/nal 1(n), *7‘ha+ )s periodic i period ‘N’

m+eger \/ah)e of k.

defined by 1 = ':L[n+kN) fov an7
TThe pehod:c ﬁmcﬁon x(n) can be Aynfhes&ed ac the Sum of

Sne and Coszne geguences [*Tr,gonomg—h,c ~orm of - FovrieY Levies) Of

lneay Combination of comple

ﬁfreiuenaes are mu)%ple& oﬁ

L elpone m‘) aLc

Biu)\laienﬂf as Q@

(Elp()nenﬁal tfoim OF  Fooviey Sevies

of the Tfondamental —freyoencf W = Q“/M
each peviod

) whase

The i< done DY ’Conshucﬁnj

¢ idenfical 10 e finite

§a peviodic Sequence for which

lengm Seguence-

gExPOnerrhal ~form 075 Discrete Fooney Sev.es

“The Glponen-hal -Foun of fhe Fourier Sevies —74)1 o periodic

|

|

dscvefe —time §gnal e 3iven b7
N 3 (M) - 1, ;
w) » —— £ X(be for al 7 O
g ol 8 _

| Wheie the co- efficients X(k) are el}?’l@-ﬁ@o’ Qs

i Nﬁl xmeﬁ{awm o all b @
fp=0 ' ’
e GQG) 4 @ are calied DFs  Syithesis and analysis paiy- Hence
x[k) and n) ave penod)c Se?uenc&s
“the e@ui\mlerﬁ fom for Xr) i n;!’i X(n) u:’”" wbeve Wy - eJ{Jn/M) cated T
-fudde Hacle




V‘J he erponermiial —orm of e DRs y

/7'

=

[en N= b

k'

=
2"

—>. “qo :eo;,

- 3am
< @ l

L’

>

il

(@] 1 9

/f d,ﬁgym:ne “’he elPonen'hal “ﬁ)im Oﬁ DF&

- QI
H,Jk: =l /M)’z.

51

e

epmge'ﬂ'aﬁor) of xln) Shown n glven ﬁg ‘

e

SIS

A

Ke have

(]

CosT 3 einIiag 1-J
< 2

el il

eeh)
=

)
L'
3 I3 e
: ¢ J3Ty,
NL’ 3 oy i S e ' = :
-390/ .4 o

2y

’{he exf)onen’nal 4ofm 01L DEs ¢ ﬁwen b7

% ' 3 (M )"nlo 2
‘ i - i XUC)E

f N klo =
| =3 () 01

| N-1
thoe  x(p) = 5 anme -
n:0

i L)W
=D

bio )({o)

. 100y 4 x() +A1R) 1(3)
Aol vt o ¢ é '
wn)

2. LMWy e

For .|

R -

2 m(omq" +-u.m(,’ 4 LR
gl & e a() +3(3)

Cos 3n

I X(lc)ld

ﬂCO:STr%’j-S)nTT z =

J.Slf)‘?lq 5
&J '

e

. . CosIM -jsn of = |

-~

~nb
. o5 all m

3 n
ixm)hlq

3
>+ 18) My

Z 0‘\} R 3:‘ £

,2f23




For k=2

—

[4) 9 2' 6
X(Q) = ixm) Hqﬁ'{) c l(O)Hq %1“)‘41, + 1(&)Hq + 1/3)14(,

0
+ . 0 4I(-1) + 20) +3 ()
: O—l-}—&-&’ : ~-&
Fovkz3
e 0 AL o
X(3) = S UMK, = o)k, +LiddS () 14 + 13) My,
h=0 1 4 1

. 0+ 1()) 4ala)+3(-]) 7 ~2-02

“The Co:n)o\ei e‘LPOﬂ(‘?ﬂ'Ha\ form O-P »ffquviev Seyies i$

e é.xmu;”’ b Ll Xt k"
N yop 4 k=0

g ) -9 ‘
& LX(O) M(Q My +X(&})_IHL, i x(a),uq”""’l

r 3 (g ) n [«?Tq an j(@TT
"‘;’ 5*('Q¢J&)ed‘( i) +(«&)e (-é?~ Q) € MMJ

|
E
| .
| D Uk g Smini gl
} -ﬁi%ﬂ—@ﬂa)e +{-2)e & (2-Ja)e /J
i

|

. ‘71:2)1) N 3 (3]
‘ ) v UTIBEREE e ()0
| i re [3”‘“)@ . -2 - (1R)e ]
E
| :
___>§§D€"e{m°me DFs YQP‘Ieéen‘l’QﬁOﬂ ~for the 5s8na| S0 < COS(%LT)‘MGQ—-;}}E
Spectium oF n)

poE he qven slana\ 16 S el

3
Cosine —functon can alp be aofiiifens che Cavh(n) » Coc(ITEN)

COmPama “he o Sequences of eguaﬁon Thea
LY

3
. B e
—G




»s *he Yatio of -two ‘;Iﬂ'eyer‘g :

freque™ T
gn CoSINE wave s periodic. And for Such Signall
P o
= N
6 e pen‘od
| ot e.il‘:j{_eﬂe
: o) gk 0 : —-®
i nﬂ/, il
| G
Gec i =il J il
{’ = g?[ e t+ € @
| ha :
,, e o® JATNK[ N
o) b > Ne s
’ N He 2N @
: M hen i
A Mg~ g G )
an): £ Xl e - clde
’ K3’2' : k:*?,
=4 (T)an -3(Z)n 0 K]
| : X(-Q) e (3)' w D 5 *rX(O)? + X(HE
. 3(T)an
J(% ?Qn o X[g)e 3> ;_@ :

357 ComFavma —The ef ® 5@, Ue ggf
\

; : : 1% (3): O
R XH):AZ; o O x(o}:LZ . pioyEto siekE)

i oher valve< -of X(k) can be calcolate d gasily <ince X(k)

irepem% affer the peviod N

K2) - x(-2+6) = K(4) * O

R Cib b X (B0
O

B0l X (0+16) = X(6) =

X“) 2 i . i f
| iy - (3.
[ X[o?). x(&fé) . )(18)- 6
B Xis4e) - %) . O

. 7»



Smilarily  C(-2) - o(-3-6): ¢(-8):0 ’ 1

ey = Cl-i-6): el-3) - %’

cloy: c(o#6) - ce6) : 0

cly = C(1-6) = cl-5) = %

cie) = €(3-6) = ety 2 0

c3) - €(3-6) ¢ pl-z) =0 and S0 00
A

o T -
b L -5”-9—3-9.J|o{25z;'5g\j7{?

5Pe.c1’YUm of COS( ’.);I)

— Oistngoish befueen 2T and JIFT

1. Obtatined by pe{-:covmnng Sam,phng <§Qmphn3 8 PBY‘!LOfmed enly iy
Opefahen ‘n beth The —fime and +Hme domain -

—Ffeauenu/ doma’in -

3 Discyete —{ve?uenof Spechom 2 Corhnous Hunchion of ®

Disﬂnaoish between Fooviey Sevies ond Fooriey ~anstorm

Fooviey Seyies .
pOOnQY ?YQﬂS?COYrY)

1. Gites e havmonic Content of a 4? G:\res the —Freguenc nformati
‘ . nToYman o)
Pe'hodlc time ‘H)ndwf) - for an oPeriodic Sjgnal

U

(Q DiscYete —fequency : 8\ A .
? 7 PEC‘HUm &4 COUﬁHOU-S 'ﬁefuer)a/ éPeC'h")m'

A dizerete

Giaslrfic ,\_,n',w,_.,a,




b eualo |
e -f ___if,ﬁe Civewlay  convolution 6f —two <equence <

—

i mc@,yfw‘c civcle Method

:Z Mzﬂﬂ’t moHiplicection method .

entic Gifcle Me]‘hod ’ “

con
G;

| geeum
f

- Goph
counferdockwise d)Yecﬁon

- . o
L2 grcnces 0y and to0n) , e cireolar Convolhon of These g

e 2l = () (W) xatn) can be -Founa' b7 vsing +he -FoiloanC? steps .

N .§amples of 1itn) 0s e?“""?’ spaced pomts awpund an OM?Y cwcle

P? st ot “the Same pom} as 4(n) graph N’ Sompless. of Tom) 0 e‘lvéll ’ ‘
| gf)aced o clockwise divecton
MH]P‘T wwespondmg Smples  on “he 3 Somo he P{Od}c"‘g—fo

S
J 1
1
|
pom’rs avound an inney civcle i

—two Civcles an

P;oduce om”Pul’

e Inney cavcle one sample at a tme in COU“"'eYdOCkw“ge

x-l' \Ialue of OU}PU'"
ltnes up Wi e

Wafe th

ep Mo } okl the inney  Civele

5Eepeaf’ ste
oxteriof pcivcle once a

et gomp! e of the

a’lhn -

Mafft MuHiPlrcahon Mefhod ..
of —fuo Sequences 1(m and 20)

d 1he Civeolay convolution
martiy -Form‘ as Shown below.

i is metho
xepwsem‘mg the seéiuences n

(on bp obtained by

’ B L) i) - 19(2) 7@(1) i \l'u(o) 13(0) 3]
) 100) YolNd) - - - aB) @) | M) 15(!)
k(2) (1) LafOl 31~ biie 50 B l; B | 7 '&3(&)
WY aNg) a4 - - o %0 b{M)i ;120\'9) 16(N-2) |
1 B |
) agey  Agia)eo- - TalD ) ] NI, bg(hlﬁ)A




\\g

The Sequence g(n) [ Ye,oeai’ed via Circolay Shift of Samplg. of. '

Samples  and Yepreserﬁed  Nx N matiz form . The Sequente y(p)

Yepiesented as column mahii . The muHiplication of these o Matfeq

: 3?\195 the Sequence$ 3(n)

Pnd the civeolar convolution of —two finite - dorartion Seguence

) = §1,-1,-9, 3,13 3 %> {1,331 .

10 find Cycolar Convolution ,. both The  seqoénces '”Ué’L be Oﬁ <ame !gngm

“Thevefore  we aPPenC) oo zer0s 1o the seguence 19(n) Omd Use of -

concentric Chcle metnod o find aveolar convoluion-
We have 1

LN = E:-« 33-:]

GYaph ail. Fhe pom-hs Oac 1(n) on The
éﬁlﬁer cele in Tbe Countey clockwise |
divection. starfing at ame point as um) graph all points of katn) o0
“Fhe inner civcle in  clockoise divection.

MoHipk  conesponding Samples o the civcle and add o o}era,n

P Yo) = A1) +0(4) ¥ 0(-2) + 3(3) +2(-)

i g9 - 8

Rotate he inney civele In covnfey close wice divection by one gample ,

mothw *tmwc‘gvies‘,oondmﬁ Samples 'f'o obtain ‘1((0)

Y@ = > .
\Q - e
* 24 +040-3
| ey, oy

w) 3 m)"‘




g o
[ o
frre) 4\ zx;/‘f’%‘ ¥
-7 \ o /, &
‘ I,
1'9@) ") = 1(0) -113) ~2(2) Y(5) = 1(0) ~4(0) +3(-2)
! +3(0) =1(0) +3(1) %:0(-1) +U3) 41 (~) /
£ 0e0 ORI LD s 0-0-6b-1=t

; 3,2-9‘?04’0

‘ T e
. T

s Sr Aok 18,720 4,

matiiL method
=

guen M) = §1,-1,-9 3, -3
Q) : {,I‘ngﬁ
By adding +wo zeros o the Sequence’ K(n) , Ke _br)ng The len(cﬂn of

g sequence Yg(n) to &
oL - 9493, 0,0).

g ﬂ i NIz &7
Lo merly form Con be written by substitufing

Blo) L) ld) %) 2w0) | [ w0 | Y(0) i
D Lp) noolg o %) i) [ MORRES e

W o b b k| |MO [ 49)

wii A TR S 1oy T )|

W) ) lel) b0 MO i;.w) g ) |

b 6 o 3 & [l [reoso4atca)
L I e 03 ,; K e |9 21 40 £ 038 |
% i | ) o."—;» | Flai9la 4040 [fff
0 D] f of':{!g 043 -4+3+40 ;
e ° s > ', | |0w0-6 16 - J
g e




B iy R

i
i
e \

fie
‘Y\\\{

e

/ ' PR LHA A PR
. I8 sl ~the Hpllping SEQUENCEs
h form “the Civcular  Convolu fion of the 0l d

! - and J0FET method
ﬂ T Using DFT and -
UM =1, 1,21 3 hms 10343 41 &

We tnow that  Xsk) = %K) % (D)

N _59mnk |y -
Xy (k) : il;(n)e" lN
n:o
FOLX::O 3
Aio) = 2 mme’ = MO +1(1) treld) 1(3)

-0
: L+i+941 = &

CO”:;, s ~J3Mn/ 3 4),,17)‘2’
Xi0) = £ wytne E < ume
0

h:o6 n-
lellg_, =5 58> .
= (0) +yMe  + Ll@e + L(se

Mg ,r dau
3 56in S0
05 ==
& ool jsm i o CosTi ) ¢ 9 o
&

S 40-] ) - 2H0-J ()
cl-d-2 -20m) =

Fofk_;j_

e

- zu(O)e
n:0

—Jiﬂna/q

Xty - i Ln)e
n-0 |
_ 3

=3 =20 33

= 1(0) + h(c)e i (e T ulde
' : _38in 3T

2| 4 COSTT=5SINTT +9( cosaM-)€m2T) + co<ST -y

| ) S0y +2( 1 -300)) F ) + (0)

> ool odf e i)

!
=

§ FOY k__ié | | ¥

3 ~)21.3 ) y a5 37m} 9

fi X,(;S) e oh 'X‘(D)B 2 é— 1!(0)8

n-=90 ;
lo. el L 39Ty
= X0 +y(ne = Nloe =iy (3)e

“‘(\. ?

Coili g

(g




1 +cos3T e 8T 4 i : o
v 7“{57 Q vL 2[0053" JSMB?TJ + LCO& %4 —~J.8m %ﬂ”]

[+ 0 -3() + (=) + 0-0(1)

Rei=2 - - -l

s s Bk

(en h(0) = §4,2,8,4}

N- Yatn) *5377”\{,” o % '
;(3(0) " ni alh)e = ni— Lotn)e = (o) +Yglr) + %ol +9(3)

4 9e3t Yy : 00

N-1 -0/ N ~3nﬁ/2;5_
Yalt) = 2 Ra(n)e )
z n-=0
S5 ST ~381[o_ .

| 1:;(0) Hg(»)e F tloe  t tgl3)e

3T S L
e

3

« 142 005% -jsmj@ljj +3 casn - 3sinTl] 4 L,[cos

]

42| 0-J] +3[ - - (o] M[O/J(")]

AR R

| NA —sgni)y 3 e

Kla) = Z tglne = 1@[0)8“0
n=0 n:0 .

T ot =T
Aolo) +ipne  + Xa(de + Xgl3)€

N

| + Q[ CosTl sl + 3 [cu&ﬂ-jsm&m] 4 4 [ cos3T-)$n3i]

(8 [e1)-d(o] ¢3fr-300] T4[c0-) (01]

"

Fatz-4 - -2

=

X N-l «J@T,?m NA 3] 9.
e B3 o ()90

cU0) +u,me  + 12 + ;la)e

%TT] v [wwﬂwwu] + L,[cos Al J.sin?!]

| 4 &LCOS%E =gln




Ao = [ b+ 2(0) ~23(-0J +3(-1) ~31(0) + ["[0"3(":]
S 145 -3 -y) = -2¢2
%0 = {10, -o4ia, -9, -aR].
X300 = Xy(k).Xa(E)
i ‘{(5,—1),},4) ’ ('05—2+32£~9, ~3€{253 »
X3(t) « J z0, 3;_‘:2, -2, 2ti2d. .

N"‘ 2
1 S Jamnk
S hi X3 (ke IN '7%{17:0,!.-. N-

\ Gl
%) - -z;téa a3ty e’ - 7‘;[50 98 -2 t21ip] = q[@?_’]

)

lﬂ/ﬁ_
B0 L% gyeme m}"- L[ 2X3{k)e |

q -0
Tk < )37s
[ X3[0) + xX3(i)e  + )(3(;?)6 +X3 [3)e J

i

-t
4

, 3 casﬂfﬁinéﬂ')
= T obamil) =58 cosT 4 onTl) + (9112 (6057 >
3 [ 5 +19-iz) (cosT +isinT) - 9(

‘:[50* 2-j2) (0+4) -2(- L+ (0) + (9439) (043 )

§ L',[‘SD+<;IJ+Q; +9 tod ,I«QJ 5 '_j
Eﬂ:o‘?
e 3 \amax/,. 3 T g T
e o >c3(4<)eJ [y kD /
ql,:.O £l k-0

1L ‘ J 37,
- “L'T[’W’) + X e ey yaraie ™+ ara)e /‘J

b
—5[50 t+ (2-33) ( cos*ﬂJszmJI) _9( cosgT+jsnan) + (-252) (cas T IS 7)

(2-)2)
g '[50 J(&zﬁ) (braz)) 2(+a+J(o))+(+:>+J9.)(wu)j




: 7‘.3[‘9) ey [@(‘%‘4%-# w-gj/‘f‘dfj ST T A

a - [s0-2+jp-232-42]

| ‘-//50~6_]:_‘\%~”. ]
q - -

|
/ L 2— Xa(k) e JaT Efg
j i

) 2 T L

-

el
2! (g0 - i) +(
; [ t @-32) Cd) 4+ (-)(-1)+ (3439)())) =

| ;
/' Lyl * {18, 14,11, 123 5 e
”fpﬂ/g/ﬁ(ﬁ ong Dvat puiation Seiuence
= :
an i e 0 : :
SUFPOSQ nput %Quence x(n) of Iong *dovation tsfo be process &d
on by convolvmg “The

o O system havmg impolse. Yesponse of <fmite duvat)
vence, 1 wovld be

Jution -
—The SvCeesSiVE

ces. Becavse of the lengih of “the input g
before Performmg lineay CONNVO:
HTI'D blocks.

and e 'Ye;qgr# ‘
sdentical =5

599uen
P(achcal o <tove it all

e, The Mpm“ ée?ueme must be d)v ded

one at a time are

Therefor

Ko are chessed &ePamfelf

desired DUfPuf :S’e?uence céh}ch 15

atey 10 Jield The
d b7 Lineay convoluﬁon

vsed -fov —fiHeuw
4 and The

jwmbmed /
’W geiuence’ obtaine
e COmmonIY the ;s'ecfioned~dqfu .

Too methods ~hat oY
overlapv

dpe Yosults Are e save metho

[and co/nbmmg
saverlaF add method.
1, and he lengm of on

i Seguerwé , I_Je
ethod, e Tnpuf Sequence i dl\hded m+o

O\IeYlaP Sa\[e Mmd

[ Let he !ength of on pU
i s

Wpukse Yesponse s M.
blocks of data él%e Nz L+M-1
fasf (M ) data pomts of Pfe\nous block ollowed

Each block consi<1s 07c



e, |

by L' mew data points o fom @ data Sequence of !e"(?m Ne Lbimy
are <et 1o gero. v,

rTah PO?IH’&
for st block of data The first (M-1) ] A | Yy

block of data Seqoence are

| =l
ui = §9,0,0,-0, o) ao), o AU

( M-)) 70

i) 2 Y qull-M+1), (L), AL 1[&1,-'),_2]

Last(M-1) data points fom n(n)
wen). .31y and Soo

| ) : fueuomtr), o AL,
‘\__(—\\_9
Last (m-1y data pont from B(n)

Now, “The ,m})ulse Y&SP(}[)&@ o,C Jhe Fib HHey s mcveased 1n /eng*p) [7

|
|
f an N- Po)rrl’ Cixelay convolofion: of %iin) ety by

.‘appenclma |L4) ger0s and

is COmPU‘f’ed SRS (o
Y(n) = 100) () hin)

—7 owevlap -Add Method

—_—

’ Let “the Iengfn of the Sequence be L,g and the Iengm of the Impulse

’Y%Ponse is M. TThe Sequence 1 dvided o blocks of data €36 havmg

‘lengm‘ 1! and M1 geros aie Qppended 2 o S make he data Size ol

(L4M-). et '
s, The data blocks may be Yépesen%ed a<

| .
G i) ) - X(L1), 0,0 b
¥ L _4\¢,
— M-1) Zeros OPPQ"JBCI

|
| | _
;‘ ol = Jap), 2w, 220, g0 G

:B[‘)) s aé 1@L) 1[31.-}') e '1[:31.« 0 0 ;'
' '))L’—._,“.
L——? (M a)ge{os appende d

i Now * (L-1) zeros @ added o the Impulse vesponse () il |
N pomf Civcvlar convolution i performed.  Since ) da+a Shadit 18 ,{a,,,?;,,fﬂa



. OOW) (M -1) %8)’&9 The last M- PDM‘”& —om each OU'f"PU‘f’ block must h’,
ovgnapped and added —1o the st (M-i1) po;mis of the succeelmg block , Hence

Iy nefnod 1 called ~overlap - add “method.
Lot the output block are of he ~form

y(n) = § Hio), B0), - B0, 40, 4 (N-1) J
g = § %0, 9‘,3(7),".;--H‘Q(L#),‘HQIL) s e

Yol » § Yzl0), Lslb), -~ Y1), YD) - - - YalND]

The oui)vmL Sequence. i

Y = § 40, u0), - Miid) | Sl)+del), . Geli) +Ya01-8),

ﬂQ(M) 9lL) +,93[0) ¢ Yo(L¥1) +Ys(1)+ - - - 43 [”’”,.71. :

Find the output Hn) of a fifer whose Impolse Yesponse b hin) = 1,13

=
_<ave method

and tput Signal aln) = §3,-1, 0,1,3,20, ,8,1] ¢ING (1) overlap-

(1) overlap - add method.

9 ) Oveylap - Save Me’mod

Given LM Le=$3,-,0,1,8,3,0h& b
hind= M= 7 0,1,13.

N : &Mz &3; 8. - Total lena*m of- each block -

gl oo 20, 0,02, 2]
L]
(M-1) gevos

R {3@ 5, 0, Sholl, @, @
—Jeo dara ponts +rom preuioos block .

hin)- {m, |0, B, 0, 0

Y s wm ® hin)

- Bame m) @ hin)



L Yy - {3,&,9,, 0,4:6,5 33,431}

2 . fon1,0.000:03
§0,0,5, 013 e
a g LAl i
> i 2 R 2, 4
Eaac e il
g o 2 S j|. Al _,'ig
0 0o ‘ -
e RS - 143
9z o4
OF e O O ; ) a0
o s oo uE Al o
0 B
e ¢ 2 0 0 ol Lﬁ_f&HJ
& 2 alled g = J
' 9»(0):{5',3,‘3,@/‘310,0/‘6}
9&(”) 1&0’)}) @ *h(n)
o o
bl 07 0;0' ey
{33,0ta,~003@§"
’300,3,10 mﬂl_‘“ﬁg ] 55
O | 2+3 Axg‘
S o0 01 3 3_,} !5
o
Rl = 0.0 ! Ty )] 0+2+ »3
0 o fo [ s
B0 9 2 0 0 1o gl | |
R i 0 2 s 00 el e 3
3 e |
AR ol 0 2 _M,..HO_& A
1 Ygln) - fg, 5,5 83,4, 313
3o = {5&5330453
DLSCmd
13,56,33,4,3,)
e

11}

i)

=




h

%

Ty

'

|
|
i

pue=

IR

odd Method

— ==

W,Iap
i) 2 LS50, 1,3,3,61,9 1) = kg =10

fpve”
htn) - {':’;'}]‘; M:3 j

2 2 H:Q‘Ss 8

H:L*M/’
- -

5 4en) = ym @ htn)

n # {3;"101 |)Z‘§,,O, O‘Z' TG e T
H@lﬂ) = %Kaln) @ hin) :

e, 12, ), 0.0 0,0]

,6,0,0,0,0} .

e {340 1320, oy ® f14,1,00,0, 6,0

— . = -

e 2 3 1 o o r\] [ rj

0 2 3 L O]l s

- ! l -1+ 3 2

FEc 0 O 2 3 | |

0 bl |de
e .: 0 o 2 310 | - :
2 | RSl ) L O () (DY ] 341 4
Bet o2 g o] e |
| 2 b7 54
. RS ( @ e S0 2t 9
o O AWiradant (22 BB S o
i H,(n):E&QIQ;O;Q, Glg/&-} 5
= 1l @ hin)
' i AT g §] -0
R > o 2 ([ O eR
o SRR S A AR B R B
BERo 0 0 0 O | 241 l| !5 ;
B 0 0 0 O o P 14240 | }q}
MR @ 0 0 0 ° 8 loritos |0 2
E o | e B (0 0 f ,] L) ’
e 2 oto+d | ||
B 0 1 2 i () 0 - | {10
)O e 0 ! 5 LO L.D J (”O‘[

Y = $0,1,3,4,3,1,0,0)




I over-lap add Hethod

i Ui o> 2 o0 9 O 0 £

y@ h -

Mo 0 £ 52245100

... H({)) = Z 3,&,&1} O' “’, 6, 5} 3}3/ ql 31'3

— Fast Feoriey Tansform

4

' he ovmola
Slhe PER of a Sequence con be evaloated ”‘“”3

N- o 3Qin kN b2k 2N
X(k) - = une =
n-0 . :
=53y
Sob_ﬁﬁvﬁng by - €  We have
N- Nk

S0 - 5 ZmiM, 0K N
n-0

3 N; e Cxtm]Jrj-jma [xm]] z{ Ke [H,S)LJ +3Im f“;\?tjj

N-0 1
N-1 Nl . A Qe[m“]
B eimileeiw) - Zifmgbvmﬂfm 1 43 i%M[ Lt
N-0 n:0
N-1 nt
v o e [any) Om [ Ha
n==0

' “he 0. 0F Compléd
W can cee ot To evdloafe one Nale b ey, The fonfesd GOl

- all N \ale of Xv) 1
rmlﬁP\icah‘ons w?uwed o N. Theefore —To eualoote

' .
M0 . OF complex moHﬂP\:caHons Veczuwed s N7

| wole oF X(k) The mo.of Complex
In The Same way o evalvate one P

| Aditons  feguived i (N-1). TO evaluate all Tthe vatoes of X(k) The
' 0daT

:“t"(jfol 0. 04— compler addrions \’equwed is N(N-1)



'- Emh 0{: Sutﬂ\s of N’ ~erms  ve e e hs
; 40 cornbir)e The Sum 10 get h SR %4/ o“"’?d’ adc_;m One
nqo’fe-

{ /‘beYe‘)%Sle -+O ‘QUOIUG—}—Q X(K) %Y each \k'l Ye?u;{e& l’(h’—[)-’—ﬂ. Yea[ acﬁ?'hOné :

|

|l daloes oF ¥ afotal mo.of real addrions N(4n-2) vegoired 7

? o+ pualation of- the OFT.
1 -

J

e 2 algon’#)m Yequives Nlog N mutHPIrcah‘ons and | ‘%"’8@”
] 2, ,

" Mﬁgns Y%FGQHVE[ f |

|
|
{'
4 i , 4
steps, of Yadiz-» DIT-FFT dlgefifom

L grarf O
,}mm no. OfF %np Samples Naogh | where Mt Al 39 |
| eysal

o I <huffred ’ﬂwough bit - veu

e mFU{» Sequenc
in The Flow gra}ah i gruen by

| - log M
e no-0F Stages M= 12gs

a : A e
lq @ch ,gfo.ge consists of g bottey-flies ’ o L
i»g jnFUjrg / ouf}oots‘ —fov each butterf] ! ave ée,xzva‘h?d by & S T
1 = an
é~m’ vepyesen'fs the stage sider be Hor st GO o

| second s—mge s SO |
f o1l ic guen b "N"Oﬁm”
4. he M0 of complex mumPlioaﬁon.s g g

| ‘ M

4 “The no- 0F COmplex addition s )6 Q«Uen by Nrog@

a -fonction of The

4 7the widdle ~facto ‘

skage Inder ‘M andl

| ) ?Uen‘ LA M"|‘ \
153 b‘f K,:M«* 1’;011,3,,.@-"
2 &
‘ ; aach <toge ¥ wen 17
octions of buttestlies I 9% = e

? The no.- O.F 53-}3 0r
%W B a2
‘ ¢ (ERF), which 1 e 7

10. The exPonerﬁ’ Yepea-t’ Hocfo i
| on'n ¢ yepeafed ks gwen by o

0. 0f imes The ezpone/rf

-m

Seﬁuen ce associate



0.

Given N:= 8. . o™
- 3&‘*’0@66

—->gFmA “The OFT of a Seiuence )= 1,834,439 1] usma oj7 a,go,..m,n

?

5

5

i

l{ “The twiddle -ﬁwfm& assoaafed wih the fow 8mph are
5

!

|

Mgo =1
' ’J:ﬂT/a id /‘f cosT_ssin L . 0-30% ~Jo-¥0F
’ “8 —( ) g {7'
| 3 - g s ".j
[ (edéﬁlg)}: e Mo cosL i N
5 -3all )3 okl  ens 3T _hsin 30 _o.n¥-Joto¥-
| L‘ISS sl oiie ) el =z Yy G
| : _Q:I'na—g‘e o Stage stage
o =) - e T Hadus L0 g °
- 7 >( P \ / > \ 40
{ (2 4 N . :
1) = ¢ =L 5 = M I s N / - 5.28-12:01y
oSl L. Meiet A 0 \//
i : N TR
wWb) =2 #}143 QA ;43 >3) e a o el }A//\\. %, 1 - 6142 U0 AY
| e ~ PN AN —
Ui)=2 o= RN 1 0 ok Trdiad - e 8 5
; W . 2 \\\ / : v w} ¢ “—: \ R
15) =3 > _7\ - > : e /‘,”3J Hes FPANID QN1 2 XY T
; \ 5 z / ; = /\
MR ~ - >// o widmm/ J e T I
2 o o Bsodtdotet \‘ | |
03 = “}L’ﬁf - -kP‘gz S _>I- G = Mg)»w N\ —5:828+i2:41y.
1B)3 ST A ; o
) | X(’)- 5 XB}:L{ _ /
Ng 7 Lig® 0 '*‘/\\\
16):2 5~ W S U Hi/> N
1(") =3 </ IH): | -1.
} :
i ) T 2t3: 5 EET
33 - | 923 - | Y-l =3



i

5"

X0 = p 10
106): W L
'US)' i ‘>< 0
RCE A > /j\ 143}

) 4
SLib) = e

LY = -1=35 7k &)
V-3 4E L %

A(3) »»-545 = O

() = -18)

G stage ®
e V.
i {D)’ 0] N :1(0) 1[0) = .\,O-HO 5 5-20
. 1(15,,3»3 ' _~5.32892.4) : A)
;}5‘ 0 — LN 5 o) = 1(9) . 1“") = _S‘J“'ug ("““3.1) -
16§=*3*3 o R0 ) 2 -3 +(0404 -4o- %0’:) (—! —3u)
D0 S 0 < M) di&"
| ) o~ 2 » :
A "@'g"};—ﬁﬂi\ S -0-32 130 4ly 21B) -3 —J -0 404 ﬁfo’?@ﬂ' 4J0-30F- 34
®:0 ___f"?.]_s_.‘, o U NS IS 1) 9.i2i C g% S
| = o { 4
e P e \\ -5.828 4)a4lg =Y | il "ww'} " z
..', ) *
= -%5.828 —J?-qlq :
19 - (i o
51[2)’ g0 Lo Lt = iD= 106
‘; 3 ’ Dt o 3 Nl
UB) s (-345) + W (-1+435) L(5) - (3-35)-Mg'[41-37)

2 (-843) + (-0-46%-J0-¥07) [4&35)
| :(343) - (o040 ]0-F0F) (-I.+33)
- S
© =345 40,904 - )2 191 )0 F0F + 213
“3t0.30% 12020 1) (1-2 :a4+o+o4)

© 0 2F50.41y

o | 7

|
|
!
|
i
|
|
|
|

2 (-323) 4 (0.0 3-30-408) (143])
= -3 3 o dorintor
$jo 21 4+ 9481
o 040+ + 9121 ) (1 +0-0F
| - 9.1d1)
= ~0.149 T 0y

e Eeer SR ron 3 AR TR e i s

NN L G b S L AT oR




Y¥{3)= 0+0 = O
b Lz (——3*3) - ngs(—l-}éj)
2 (-34)) - (-0.30F-J0HD) (-1+3J)

. [-343) 4 ( 0-40% 130 90%) (113D)

~34) -0:40%F -J 0:30% 4 Son s S

e

\a

230307 -9.131 14 (1-0-F0F 4131

~5.828 +J2.Uly .

1

Lk {ao,«é‘.e&g«j@.qw; o, 017030414, 0 _0uA2tioy, o

~ 5,828 4 (uq_gy

9_29_;”_21’.90 = "7' Ffeiuency __acm'fhlﬂ
f’ Ghe DIT alaov«ﬂ)m & based 2 “he decomlaosnﬁon of te DFT
COmpofaﬂon b1 —fofrnmﬁ analley and Smalley cobseguences of the
segoence :un) 9n DIF algoysfhm ﬂhe omponL aeguence X&) d‘V'f’fd
ot émanev anci £maliev subse?uences
:S'Ommav oﬁ.\s'fepé —R» P 2 (Dl Tk FET Algof__ibm
‘ 7 F 2 Vl M no - of £tages
zi'»'The 1o - 0F um” 5amPles Nz wheve 18 3
3, mFu’réeiuence s D‘”, natuval prdey
jé ‘e no. O Shages . n e Aow gfaph is gwen by > 09
| N butterflies
QM’—m samples, eheve

4. Each £roge cons:.s’r.s 0#
are $epava‘fed b7

for each boﬂeyﬁf
e i T0 first sfaﬁ

!
|

|
]? m ¥ep
j second £r0g

je, ~the Mo.0F cemplex
)L?. qhe no.of compleX acd

5. Toputs | ovtpofs | |
fesen’r.s The 5%136 ind e m=1 and foy
g = o 50 On:

muHiplications 18 g;ven by “/03@

Hons K gt\len b/ nga,



wddle -factor exponents are a -unction oF e <tage inder “m and

’b

g\/en b7 g o g
Ni‘ T' M-m
I B WA Shg = e ..
| v
iy i gehs or <eclions < of butterflies n each ﬁage 1gven by e
! 4,en0 0 !
4 0
FDnen‘}' vepeat ~factor (BgF) which is ne o of times the Expone
e € >
E’o' nce assoclate d  wvth “m ' 1opeated 1 given by 3
| ¢ FET olgetihm .
| d’me OFT ,[ Qa ‘Sequence 1) > {I,Q,3)q,q!3,&,l_7{ 0‘“"?] 4D : a |
in | (1311
2
s - s e ; 10 >< P - XI(O)
RQ
e 10 L o) 1,((&)
T
%Q\ B ”_A‘,,M,,}‘&__ wb)
ol D ,,s 82824y = 1)
O T e MK 0. 132-450- 0140 (5)
: Gl - T _parze-qg. B
,«:r&a—m)m Au s -{.329-{—\;9.‘!““1(4)
= a.aw'ﬂ““‘iu -l' 120
I3
W - eJ’f, I
o il 6 .
_i2ME /)% i S epcll s I . p305-30.30T
Ug‘: € T '8 o c 4 q
-z /% L eaidanpdl =
”89’3 BE - £ % S o3
. ,357/ GE v i
e, - 7, c0s3T _3an3T , -o.30%-Jo#0F -
g € 4 y
o Stage | _
wLy) = Y= -

1B) = -3+ 2(Me)

*3+i(0‘?0*’3°'4°j()

. =31y 90 H0F



Ryst ﬁaae calcolationé
= g
vHies, MKe ;
L Mok ctoge confalns d o of oor buteH a6 by,
(7
belaa) q
butferfly 1 tnput and calwlafe owpufs a
g\ g
. e 9
\>< |
-0 404%40% B o
Lakisas ‘ ‘Q"Qt.&%
A : | \
;H'LP g 31‘3 5 5{—@;5 U oy
(-wug -3 i o s LN
o S[-60102
.~ otpi oot 4 Eotorngy
| ‘—i‘;&wﬂl
_S_e_cf'l"‘ 5*036 Calcolations -
| “The &econd s'luge comtains o Sets of botterflies each  with ~fwo
| butierflies. In -he frst et We draw each »bm“mﬁl/ Jepavon‘el/ and
Cakvlate ODfFu‘tg_\.. L
5 / ) 5
| thﬂaf'ilr —for <econd  Set he ou%r)uf.s of each buf‘fev-ﬁl/ Can be calcdate
“as below : . ' '
NN s ’0"?0‘”0&:@@» | - 2828141y
5
“J / \\‘
=843 -9.121-J 2l ,
G Q.88 84141y

_Otorjod0d - olal < adar = —gaas M

(-0 40% 40- 704 48,121 +)2.11) W’

(htg+jo.898) () - Iy ¥ 2848
> +9.888 - IUlY



. 4 iagg Ccelco!ah‘qns

/
2/{}«10 [0-51" 5‘"’&32 Comtainsg ‘JCOUY bU‘ﬁ'ey-ﬁ;es e g

, be obtain b7 addmg G b bwemf
(4

Qnd &Ub’h’acﬁng -—”.’e mPU_kS

; yo ONMP g S -53284UY -3} ><o, 112-40: 0y
: o 0 r@a8@8—3! iy Z ;

o ‘
'-om«ﬂ"“ <828 -1y fy 2828 t12.q

i
|
|
|
|

| ;3-3—3.858.;‘|, v '
SR C =34 +Qx838—:ﬂ-(ﬂq\ §

- $:828 _; ~ 4]
8 d&»(“(i - -Q-HE.&JO;QH{

| (-3-3) - £2.898 - : J
| [ 4) - F2-838 Iyiy) Jug “34 - 9-898 141y |}

—3-) 4Q.848 +ol-ut y . - 5:8284)9. Uiy
—0.142 4 0. iy '

- QO S 3 - ?
{ ) 01830 «J&.mq) 0, —0:1#&-40.4i y ; 0, -0.¥24)0: 41y, 0,

- 9828+ )41y |

‘,700m}>\ﬂ’6 h- Pﬂlfﬂ' DET OF a Sequence L) = §o1,Q, 3?1 Usmg DiT, DIF

40! Yithm -
| opT a\aovﬂhm

The auen Seguence N = n)={0,,2 8] .

! No. of s+a8as Mo ol g g0

(o
7

z’ﬂw“fw?ddle “factosis ave M: : et’Tu”ze -

4 qu = 8 q = e ;

- 0 _ .2 ¢ - xlo)

11[2) 9 N ‘/ Ly ' :

— % ‘->' '3"'\\)2 =X(‘)
M) = ) -

| i 4 -2 :Xl2) |

9 | N o 5
@) 3 - < - -232 .KI8) |

551_5‘ Sage Qﬂ Calcotations

| T ond  oulput

ﬁ Tn his g]’age —wo butferflies

!

Q‘CUlchons are below-




2 g
Second Stage cakolalions
—_— :age —— " P-f&sen‘}" and n This  one <o

one Set of butteyflles

ot trbes g indV] i grogil - =patatu |
presens - .

Tn his sfage

al putterfl
—wo butterflies ave 40 , f

Ho calcolare -he  oulputs. : ‘
& 6 ; 9 -2+ &
HO:I>< A Nz;,'- .
- % e —9 * 5 ~9%3)
: - Gl :
.‘,XHO JZG, "&_{_&J, "\3) ‘&'@ja ' "&“’6 [’2)/6..3)[-&) - ">)'2J‘
Tnput o A ag e
e  Slagei($) - ovipul
0 Ot - & Aty - 6
2 26-80 -2t sy (HEY) 2 A
’ "\’5 =, 1{ Q-—L’ = di

o EE) - 9a)

3 e ety

— | DIF Afgoﬁnﬂ'bm

The butterfly oPemﬁon s given b7
A A+B
T |
7 :
| B — (A-B))
10 - o , o e A )
§ix \\“1’0 / Ll 0\‘)\‘\' £
20 = e o oY)
Y, 6 =
HOES? e L R N )
|y - o
) - 3 T a0y




c‘alculah;ans

e

contains one <et of wo butterflies. The individual butterfly

et S i

f, 3;."' )

i ~o calcolate the ovi'puf:s.

|

| 200 éepam’feli , _\
g & 2 '
. & H"S):L'
, Ldgy . il MM
‘ e 0 e

| o srag‘e‘calwtaﬂqn's Aot
/lhg / = : " g
7 g seond SOGE olatne oo bitedies, The ovfpots can be obfained by
ing npots . ; ;
o ond ,cub’ﬂochng inp
2" :

Input 5 OUfPqu

? 6+a - 2 S

-3 W i SRR S
| 3 e ard
(1-8)(<) = 2] e

Z

S A 3 -3t 9’ :
: {61 &T&’/ -3/ ’.Q—‘QJ_ZI

T wing T Agee

ms can be vsed 0 compute an Tnverse prT eithout

FET algamh
m. “The inverse DFT of an N-pOi

fny cha_nge in The aigor?m
=g, .. N-I ¢ defined as<

it gegoebcg xtk'.)’

s
s e

Take compler Conjugate and mutiiply by M 9 obtain

N-1 5
NYin) = 2 X'() "
¥e0




ation i DET of The Sequence yy, t
Th das:red out
lgonﬂwm £ put Ge?"ewe

“The v;gwrl' hand £Ide of above eiu
an7 ):pr a

QT)A nm7 be a),q;(frgd usmg
+in) and hen be Hound by Complel conj

b7 Tl 3:\/9

the DET and diviy
ﬁa“f‘lng i 1,)‘?

N X

__.L.[ . )(*CK)MMJ
R 2]

—7| Find -the IDFT of e Seguente X (k)

DiT al aoaﬁfhrﬁ :

1(n).z
3 ['0‘, ’tgfd.&', f‘?/ "Q’J‘Q& L.’ang

e

1007 ¢ atthm el sl
S :p—rflgo = 8 (.'[‘ 4 f,“[o)

x*(0) =10 .ugox " ’ \/ o

LN

)Eké) z -3 = r' ; -
X1 = 392 -4 ’;'80 >\ o - 1*(2)

> 3 =
X2{)= -aéa;“f Y ,,Wg' A 16 -24(3)
<] -y

No. of Samples = N: i

Nb. of $+ageg £ ]03 1k 'Dﬁ 4] e /
,\)Q‘Tfi ,J ”9/‘ T “ i
"be-m;ddle —fodovs “8/ LA LJ: G Ccus }sm& = =

"he first Smge of calcolafions

| 00 buteiflies . The :npml’ and OUTPu‘f Cal culations

% corrtain

| The frst cﬁﬂﬁe 0

%ave qwen below ' 232 YA

- x¥o)= 10 >< 8 w1 ad . \

e 2. X%: li;;kh 992 +2-2) = -

T

 Second éfaae of Calcolations |

Coaliga e ' 9
8 - o N Voylly) = 12+uP:

| 84 - 4 \\ o

{ ] ; :

l “8 ] ’ “8" (5)/\(‘\\ ,6
| oy a0 R B ;v\ Ly 1a-4)% e BHET

i e mﬁ’;o-k N¥x(n) % noimal oidel = N®(n) s ] 4,8, 12, 6
 Thevefore )z §4,9,3,4)



the Sequen
fT of te XK -T10 =918 -3 -a.

UenCB XHC) = {'0, '{)“‘:‘&' "'Q/ '0?"3633 s q

/me Nen ‘999
e S D
NI i S
B octoris are Wi I upRend a8t 7Y
AT
¢ ' i
g Jrl’eYﬂY opg{aﬁor) +of  DIFFFT algoﬁﬂvm :
he b, At
2 [A«B)Nub'
? « <
y - xCp.): = 4%

,‘40.; LS ~ x -4 Bt w‘!>>< -
: 5 9. | s s ;
g8 11) = yailn

N -~ =
: ~HiY /?\ -4 : o’
)M — \>< W -1’ 3) =4 1*/3)

ot S_@ge caleolations
s stoge cortains one set of byttt

irs comfains 0 potterHies - The

The Y
ipdnido 6l butierflies are £hoon below

w2 _2gp-2 it =4
5

y¥(0)=10 -
Wyt Uy |
XP«[Q): 4}— __l'}_ ‘9—- . g 2
| S o gL £33 p92)R) = &1 =74

cond age Caltvlations
Seco _;3 oloatic

T contains —two buite
84 =Y ) 194 =8

q
0)_ v ‘
T g
B+4=12 o Z 1244 516 -

| :
( ,LI o ‘qu 5 C‘

o N = 4fne3,ud

Hlies. The nput and ouvipst ae <chown belo®

“The oufpu’r N15(n) i novmal ordeV

Thevefore 1) 3 Lh3) ud




— | Diffevences and Similaviies bea‘w‘e_“en"‘ o5 and DIF glgoz_aﬂhm » ‘

Differences
nput 1$ bit-vevevsed while the o Apot

I For decimation -in-time (DIT), The
\heyeas, for decimat on =10~ Frequency The Input is

W yeverse d ordley - _

1S In natural Ovdey -

niatural order while TThe ovtpur s b
g i . : ’
2.7The DIF butferfly is <lghilf di ffavert —From The DI wheve i DIF g

' gublvact opevafion .
Complex murﬁplicaﬁon fakes place after Ihe add - <v | pe

SimslaviHies

| et ) ste e DET goi
Both algomﬁbms Yequire Nlog@u O)Demﬁon +o comp ‘ %"
: A J boh need 1o pgyfoym bit Yeuevsal \

algortihins " can be done 10 place an
. -the Campufaﬂon«

ar Some p|009 quma

dppcatons of 557 algobo:

1- bineay -ﬁﬁen’ng
3. Covelation

55 . Spectrom ana]7575




